














Xqlyhuvlw￿ Fdwkroltxh gh Orxydlq
Mdqxdu| 5</ 5335
Devwudfw
Wklv sdshu h{whqgv wkh vhplsdudphwulf h!flhqw wuhdwphqw ri sdqho gdwd prghov
sxuvxhg e| Sdun dqg Vlpdu +4<<7, dqg Sdun/ Vlfnohv/ dqg Vlpdu +4<<;/ 5335, wr d
g|qdplf sdqho vhwwlqj1 Zh ghyhors d vhplsdudphwulf h!flhqw hvwlpdwru xqghu plqlpdo
dvvxpswlrqv zkhq wkh sdqho prgho frqwdlqv d odjjhg ghshqghqw yduldeoh1 Zh dsso|
wklv qhz hvwlpdwru wr dqdo|}h wkh vwuxfwxuh ri ghpdqg ehwzhhq flw| sdluv iru vhohfwhg
X1 V1 dluolqhv gxulqj wkh shulrg 4<:< L wr 4<<5 LY1
￿Uhvhdufk vxssruwv e| wkh Eudlq Nruhd 54 Surmhfw duh dfnqrzohgjhg
|Uhvhdufk vxssruw iurp ￿Surmhw g*Dfwlrqv gh Uhfkhufkh Frqfhuw￿hv￿ +Qr1 <;236￿54:, iurp wkh Ehojldq
Jryhuqphqw lv dfnqrzohgjhg14 Lqwurgxfwlrq
Rxu sdshu h{whqgv wkh vhplsdudphwulf h!flhqw wuhdwphqw ri sdqho gdwd prghov sxuvxhg e|
Sdun dqg Vlpdu +4<<7, dqg Sdun/ hw do1 +4<<;/ 5335, wr d g|qdplf sdqho vhwwlqj1 Zh
ghyhors d vhplsdudphwulf h!flhqw hvwlpdwru xqghu plqlpdo dvvxpswlrqv zkhq wkh sdqho
prgho frqwdlqv d odjjhg ghshqghqw yduldeoh1 Zh dsso| wklv qhz hvwlpdwru lq dq dqdo|vlv
ri wkh vwuxfwxuh ri g|qdplf ghpdqg lq pdunhwv +flw|0sdluv, iru vhohfwhg X1 V1 dluolqhv gxulqj
wkh shulrg 4 L wr 4<<5 LY1 Rxu uhvxowv vxjjhvw wkdw wklv hvwlpdwru pd| kdyh dgydqwdjhv ryhu
sdudphwulf hvwlpdwruv lq uhjdug wr h!flhqf| jdlqv lq sdudphwhu hvwlpdwhv lq jhqhudo lq wkh
dxwruhjuhvvlyh sdudphwhu lq sduwlfxodu1
5 Pdlq Uhvxowv
Wkh prgho zh dqdo|}h lq wklv sdshu lv d g|qdplf sdqho gdwd prgho wkdw fdq eh zulwwhq dv=
t￿| ’ ￿t￿c|3￿ n q
￿f￿| n k￿ n 0￿| ( ￿ ’￿ c￿￿￿c?( | ’￿ c￿￿￿co +514,
zkhuh f￿| 5 W+
_/ q 5 W+
_ dqg 0￿| duh llg udqgrp yduldeohv iurp d QEfcj2￿ zlwk dq xq0
nqrzq j21 Zh dvvxph m￿m ￿ ￿ dqg t￿cf ’f 1 Wkh udqgrp h￿hfwv k￿ duh dvvxphg wr eh
lqghshqghqw dqg kdyh dq xqnqrzq frpprq ghqvlw| ixqfwlrq ￿1 Zulwh 0￿ ￿ E0￿￿c￿￿￿c0 ￿o￿￿/
f￿ ￿ Ef￿
￿￿c￿￿￿cf￿
￿o￿￿/d q gt￿ ￿ Et￿￿c￿￿￿ct ￿o￿￿1 Wkh udqgrp fryduldwhv f￿ duh lqghshqghqw dqg
lghqwlfdoo| glvwulexwhg zlwk dq xqnqrzq ghqvlw| ixqfwlrq } gh￿qhg rq W+
_o1 Lw lv dvvxphg
wkdw 0*v/ k*v dqg f*v duh lqghshqghqw1 Lq wklv vhfwlrq zh dgguhvv h!flhqw hvwlpdwlrq ri wkh
sdudphwhuv q dqg ￿ lq wkh suhvhqfh ri wkh qxlvdqfh sdudphwhuv j2/ ￿ dqg }1 Qrwh wkdw wkh
sdudphwhu vsdfhv iru ￿ dqg } duh ri lq￿qlwh glphqvlrq zkloh wkrvh iru q/ ￿ dqg j2 duh ri
￿qlwh glphqvlrq/ vr wkh prgho +514, lv vhplsdudphwulf1
Zh vshdn ri h!flhqf| dv ? whqgv wr lq￿qlw| zlwk wkh wlph shulrg o ehlqj ￿{hg1 Wkh qr0
wlrq ri h!flhqf| lq wkh vhplsdudphwulf zruog lv zhoo h{sodlqhg lq Elfnho hw do1 +4<<6,1 Wkhuh
lv d Ilvkhu0olnh lqirupdwlrq pdwul{/ vd| U/ vxfk wkdw doo uhjxodu hvwlpdwruv kdyh dv|pswrwlf
fryduldqfh pdwulfhv wkdw duh juhdwhu wkdq ru htxdo wr U +K￿mhn0Oh Fdp*v Frqyroxwlrq Wkh0
ruhp/ vhh Wkhruhp 51614 ri Elfnho hw do1/ 4<<6,1 Khuh/ zh vd| dq hvwlpdwru ￿ B? ri ^Ew￿ lv
uhjxodu li wkh odz ri
s
?E￿ B? ￿^Ew?￿￿ xqghu ￿w? frqyhujhv wr d olplw odz zkhqhyhu
s
?mw? ￿wm
vwd|v erxqghg/ dqg li wkh olplw glvwulexwlrq grhv qrw ghshqg rq wkh fkrlfh ri iw?j1Z hf d o o
￿ B? h!flhqw li lwv olplw odz lv QEfcU3￿￿1 Lq wkh qh{w vxevhfwlrq zh h{klelw wkh lqirupdwlrq
pdwul{ U iru hvwlpdwlqj Eq
￿c￿￿￿ lq wkh suhvhqfh ri wkh qxlvdqfh sdudphwhuv j2/ ￿E￿￿ dqg }E￿￿/
dqg wkhq lq wkh vhfrqg vxevhfwlrq zh frqvwuxfw dq h!flhqw hvwlpdwru ri Eq
￿c￿￿￿1
4514 Lqirupdwlrq erxqg
Ohw ~￿| ￿ ~￿|Eqc￿￿’t￿| ￿ ￿t￿c|3￿ ￿ q
￿f￿| dqg 7 ~￿ ￿ 7 ~￿Eqc￿￿’
So
|’￿~￿|Eqc￿￿*o1 Gh￿qh
7 j2 ’ j2*o1 Wkhq zh fdq zulwh ~￿| ’ k￿ n 0￿|/ 7 ~￿ ’ k￿ n7 0￿ dqg ~￿| ￿ 7 ~￿ ’ 0￿| ￿ 7 0￿1W k h






3￿*2 i Ti￿E5 ￿ ￿￿
2*E27 j
2￿j￿E￿￿_￿￿
Wkxv/ wkh orj0olnholkrrg zlwk d vlqjoh revhuydwlrq Ef￿ct ￿￿ lv jlyhq e|
uEqc￿cj


















Zulwh ￿qc￿cj2c￿c} iru wkh suredelolw| glvwulexwlrq ri Ef￿ct ￿￿ fruuhvsrqglqj wr q/ ￿/ j2/ ￿
dqg }1O h w qf/ ￿f/ j2
f/ ￿f dqg }f eh wkh wuxh ydoxhv dqg wkh wuxh ixqfwlrqv/ wkxv wkh wuxh
suredelolw| glvwulexwlrq lv ￿f ’ ￿qfc￿fcj2
fc￿fc}f1 Iru wkh wlph ehlqj/ ohw xv vxssrvh wkh prgho
+4,/ ghqrwhg e| S/ lv sdudphwulf1 Ohw S ’ i￿qc￿cj2c￿Eu(#￿￿c}Eu(#2￿ G q 5 W+
_c￿ 5 W+cj2 5
W+
nc#￿ 5 7￿c#2 5 72j iru vrph rshq 7￿c7 2 ￿ W+ zkhuh ￿E￿(#￿￿ dqg }E￿(#2￿ duh nqrzq
h{fhsw #￿ dqg #21 Li wkh pdsv #￿ $ ￿￿*2E￿(#￿￿ dqg #2 $ }￿*2E￿(#2￿ iurp W+ wr u2E>￿
+> lv wkh Ohehvjxh phdvxuh, duh ￿vprrwk￿/ wkhq wkh prgho S lv uhjxodu1 +Vhh Leudjlpry )
Kdv*plqvnll/ 4<;4/ Vhfwlrq 41:/ ru Elfnho hw do1/ 4<<6/ Vhfwlrq 514,1 Iru wklv uhjxodu sdudphwulf
prgho S/ wkh lqirupdwlrq pdwul{/ ghqrwhg e| UE￿f mqc￿cS￿/ iru hvwlpdwlqj q dqg ￿ lq wkh
suhvhqfh ri wkh qxlvdqfh sdudphwhuv j2/ #￿ dqg #2 lv zhoo gh￿qhg dqg fdq eh frpsxwhg lq
wkh iroorzlqj zd|1
Zulwh u ’ uEqc￿cj2c￿E￿(#￿￿c}E￿(#2￿(f￿ct ￿￿ dqg gh￿qh ￿q ’ Yu*Yqmqfc￿fcj2
fc#￿fc#2f zkhuh
#￿f dqg #2f duh wkh sdudphwhu ydoxhv vxfk wkdw ￿f ’ ￿E￿c#￿f￿ dqg }f ’ }E￿c#2f￿1 Gh￿qh ￿￿/
￿j2/ ￿#￿ dqg ￿#2/ olnhzlvh1 Ohw d￿j2c￿ #￿c￿ #2o eh wkh olqhdu vsdq jhqhudwhg e| ￿j2/ ￿#￿ dqg ￿#21
Gh￿qh ￿W
q ’ ￿q￿￿E￿q md￿j2c￿ #￿c￿ #2o￿/ dqg olnhzlvh gh￿qh ￿W
￿/ zkhuh ￿E￿mV￿ ghqrwhv wkh yhfwru
ri surmhfwlrqv ri hdfk frpsrqhqw ri ￿ rqwr wkh vsdfh V lq u2E>￿1 Zulwh ￿W ’E ￿W￿
qc￿ W
￿￿￿1W k h




Lw lv nqrzq wkdw wkh uljkw kdqg vlgh ri +516, htxdov wkh lqyhuvh pdwul{ ri wkh E_n￿￿￿E_n￿￿
ohiw0wrs eorfn ri wkh pdwul{ i.￿f ￿￿ ￿j3￿ zkhuh ￿ ’E ￿￿
qc￿ ￿c￿ j2c￿ #￿c￿ #2￿￿1 Lw lv dovr nqrzq wkdw
li B lv d Jdxvvldq uhjxodu hvwlpdwru ri Eq
￿
fc￿f￿￿ zlwk dv|pswrwlf fryduldqfh PE￿fcB￿ wkhq
PE￿fcB￿ ￿ U
3￿E￿f mqc￿cS￿c
5zkhuh ￿ ￿ ￿ iru pdwulfhv ￿ dqg ￿ phdqv wkdw ￿￿￿ lv qrqqhjdwlyh gh￿qlwh +Elfnho hw do1/
4<<6/ Vhfwlrq 516,1
Qrz zh jr edfn wr wkh ruljlqdo vhplsdudphwulf prgho zkhuh wkh vsdfhv iru ￿ dqg }
duh ri lq￿qlwh glphqvlrq1 Frqvlghu fodvvhv ri ixqfwlrqv ￿E￿(#￿￿ dqg }E￿(#2￿ lqgh{hg e|
#￿c#2 5 W+ vxfk wkdw ￿E￿(f￿ ’ ￿f dqg }E￿(f￿ ’ }f1 Irup d sdudphwulf vxeprgho Sf ’
i￿qc￿cj2c￿Eu(#￿￿c}Eu(#2￿ G q 5 W+
_c￿ 5 W+cj2 5 W+
nc#￿ 5 W+c#2 5 W+j1 Li zh fkrrvh ￿E￿(￿￿ dqg
}E￿(￿￿ vr wkdw wkh pdsv #￿ $ ￿￿*2E￿(#￿￿ dqg #2 $ }￿*2E￿(#2￿ iurp W+ wr u2E>￿ duh ￿vprrwk￿/
wkhq Sf lv d uhjxodu sdudphwulf vxeprgho ri S dqg wkh lqirupdwlrq pdwul{ UE￿f mqc￿cSf￿
fdq eh gh￿qhg dv dw +516,1 Frqvlghu wkh fodvv ri doo vxfk uhjxodu sdudphwulf vxeprghov/ dqg
zulwh lw F1 Vxssrvh dq hvwlpdwru B ri Eq
￿
fc￿f￿￿ lv Jdxvvldq uhjxodu rq S1 Wkhq lw lv Jdxvvldq
uhjxodu rq hyhu| uhjxodu sdudphwulf vxeprgho Sf/ wrr1 Vr/ lw vdwlv￿hv
PE￿fcB￿ ￿ U
3￿E￿f mqc￿cSf￿c +517,
iru hyhu| uhjxodu sdudphwulf vxeprgho Sf1 Lq ylhz ri +517, lw lv qdwxudo wr gh￿qh wkh lqiru0
pdwlrq erxqg iru hvwlpdwlqj Eq
￿c￿￿￿ lq wkh vhplsdudphwulf prgho e|
U
3￿E￿f mqc￿cS￿’t ￿ T iU
3￿E￿f mqc￿cSf￿GSf 5F j ￿ +518,
D phwkrg ri fdofxodwlqj UE￿f mqc￿cS￿ f d qe hi r x q gl qE l f n h oho do1 +4<<6,1 Wkh pdlq







fc￿ fc} f￿/ dqg wr fdofxodwh wkh ruwkrjrqdo surmhfwlrq ri wkh vfruhv ￿q dqg ￿￿ rqwr wkh
wdqjhqw vsdfh1 Ohw ￿?￿ESf￿’E ￿j2c￿ #￿c￿ #2￿ eh wkh yhfwru ri vfruhv iru wkh qxlvdqfh sdudphwhuv
j2/ #￿ dqg #21 Zh lqwurgxfh Sf khuh wr vwuhvv lwv ghshqghqfh rq wkh fkrlfh ri sdudphwulf
vxeprgho Sf1 Wkhq/ wkh wdqjhqw vsdfh ri S?￿ dw Ej2
fc￿ fc} f￿ lv qrwklqj hovh wkdq wkh forvhg
olqhdu vsdq ri wkh xqlrq ri d￿?￿ESf￿o dv Sf udqjhv ryhu F1 Zulwh wkh wdqjhqw vsdfh ￿ S?￿1 Gh￿qh
￿W
q ’ ￿q ￿￿E￿q m ￿ S?￿￿ dqg ￿W
￿/ olnhzlvh1 Wkhvh duh fdoohg wkh h!flhqw vfruh ixqfwlrqv1 Zulwlqj
￿W ’E ￿W￿
qc￿ W




Lq wkh glvfxvvlrq wkdw iroorzv zh rplw wkh vxevfulsw ￿3￿ lq qf/ ￿f/ j2
f/ ￿f dqg }f zklfk
kdv ehhq xvhg wr lqglfdwh wkh| duh wkh wuxh ydoxhv dqg ixqfwlrqv1 Dovr/ zh vxssuhvv wkh
vxevfulsw ￿￿f￿l q.￿f1
Wkh iroorzlqj wkhruhp h{klelwv ￿W
q dqg ￿W
￿ iru hvwlpdwlqj q dqg ￿1 Wr vwdwh wkh wkhruhp/
ohw S| ￿ S|E￿￿’
S|3￿
￿’f￿￿ dqg ￿ S ￿ ￿ SE￿￿’
So3￿




















￿|Eqc￿￿*o1O h w7 f￿ ’
So
|’￿ f￿|*o1






E~￿| ￿ 7 ~￿￿f￿|*j
2 ￿i ￿






E~￿| ￿ 7 ~￿￿t￿c|3￿*j




E~￿| ￿ 7 ~￿￿
2
￿i￿
E￿￿E 7 ~￿￿*￿E7 ~￿￿jiq
￿E ￿ f
￿




￿ ￿ ￿ S 7 ~￿j
zkhuh ￿E￿￿ ghqrwhv wkh ￿uvw ghulydwlyh ri ￿1
Wkh lqirupdwlrq pdwul{ UE￿f mqc￿cS￿ fdq eh fdofxodwhg e| xvlqj Wkhruhp 5141 Ohw
P￿|? ’
So
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ES| ￿ ￿ S￿.Ef
￿










































￿|Ef￿c|n￿ ￿ 7 f￿￿n
o3￿ [
|’￿




￿ ￿ . ￿ f
￿
￿ ￿E 7 f￿ ￿ . 7 f￿￿￿
Wkh lqirupdwlrq pdwul{ lv uhdglo| rewdlqhg iurp +519,/ +51:, dqg +51;,1
515 Frqvwuxfwlrq ri h!flhqw hvwlpdwruv
Ohw w ’E q
￿c￿￿￿1 Zulwh U ’ UE￿f mqc￿cS￿1 Zh frqvwuxfw dq hvwlpdwru ￿ w? ri w vxfk wkdw
s
?E￿ w? ￿w￿ frqyhujhv lq glvwulexwlrq wr QEfcU3￿￿1 Gh￿qh ~￿| dv zh gh￿qh ~￿| exw uhsodflqj
wkh vxevfulsw ￿4￿ e| ￿l￿/ l1h1 ~￿| ￿ ~￿|Ew￿’t￿|￿￿t￿c|3￿￿q




￿| dqg ￿ ~￿
￿ 1 Uhsodfh wkh vxevfulsw ￿4￿ e| ￿l￿ lq wkh irupxod iru ￿W
q dqg ￿W
￿ jlyhq dw Wkhruhp
514/ dqg ghqrwh wkhp e| ￿W
qc￿ dqg ￿W
￿c￿/ uhvshfwlyho|1 Gh￿qh ￿W
￿ ’E ￿W￿
qc￿c￿ W
￿c￿￿￿1 Lqvwhdg ri zulwlqj
mxvw ￿W
￿ zh zloo zulwh ￿W
￿Ew￿ wr vwuhvv lwv ghshqghqfh rq w dqg iru qrwdwlrqdo frqyhqlhqfh lq
ghvfulswlrq ri wkh h!flhqw hvwlpdwru jlyhq ehorz1 Qrwh sduwlfxoduo| wkdw ￿W
￿Ew￿ ghshqgv rq
7rwkhu sdudphwhuv j2/ ￿ dqg }/ wrr1 H!flhqw hvwlpdwruv ￿ w? duh fkdudfwhul}hg e| wkh iroorzlqj
vwrfkdvwlf h{sdqvlrq=









Zh iroorz wkh xvxdo rqh0vwhs surfhgxuh iru frqvwuxfwlqj dq h!flhqw hvwlpdwru= +l, Ilqg d
s
?0frqvlvwhqw hvwlpdwru ￿ w? ri w1 +ll, Dvvxplqj wkh wuxh sdudphwhu ydoxh w lv nqrzq/ ￿qg d
uhdvrqdeoh hvwlpdwru ri j2/ dqg xvlqj wklv frqvwuxfw dq hvwlpdwru ri wkh ghqvlw| ixqfwlrq ￿E￿￿1
+lll, Vxevwlwxwh wkh hvwlpdwruv rewdlqhg dw +ll, lqwr ￿W
￿Ew￿/ dqg fdoo lw ￿ ￿W
￿Ew￿1 Dovr/ frqvwuxfw
dq hvwlpdwru ri U xvlqj wkh hvwlpdwruv rewdlqhg dw +ll,/ dqg ghqrwh lw e| ￿ UEw￿1 +ly, Frqvwuxfw




Iluvw/ zh frqvwuxfw dq lqlwldo hvwlpdwru ri w zklfk lv
s
?0frqvlvwhqw1 Zh wdnh/ dv dq lqlwldo






Et￿| ￿ 7 t￿￿ ￿ ￿Et￿c|3￿ ￿ 7 t￿￿ ￿ q
￿Ef￿| ￿ 7 f￿￿
r2
zlwk
uhvshfw wr q dqg ￿ zkhuh 7 f￿ ’
So
|’￿f￿|*o dqg 7 t￿ ’
So











￿|1 Wkhq/ wkh ohdvw vtxduhv lqlwldo hvwlpdwru
fdq eh zulwwhq dv
￿ w? ’ P
3￿6￿ +5143,
Lw fdq eh vkrzq wkdw ￿ w? lv
s
?0frqvlvwhqw1











Et￿| ￿ 7 t￿￿ ￿ ￿Et￿c|3￿ ￿ 7 t￿￿ ￿q
￿Ef￿| ￿ 7 f￿￿
r2
*?Eo ￿￿￿￿
Qh{w/ zh frqvwuxfw d ghqvlw| hvwlpdwru ￿ ￿E￿(w￿1 Uhfdoolqj wkdw ￿ lv wkh ghqvlw| ri 7 ~￿Ew￿/z h





gK?E5 ￿ 7 ~￿Ew￿￿ n S?
zkhuh gK?E￿￿’E ￿ *K?￿gE￿*K?￿/ gE￿￿’e3￿E￿ n e3￿￿32 dqg K? lv d frqvwdqw frqyhujlqj wr
}hur dw dq dssursuldwh udwh wr eh ghvfulehg odwhu1 Wkh frqvwdqw S? lv lqwurgxfhg khuh wr dyrlg
whfkqlfdo gl!fxowlhv gxh wr }hur ghqrplqdwruv dulvlqj rwkhuzlvh/ dqg lv wdnhq wr frqyhujh wr
}hur wrr dv ? whqgv wr lq￿qlw|/ zkrvh udwh lv dovr wr eh vshfl￿hg ehorz1


















E￿￿E7 ~￿Ew￿(w￿* ￿ ￿E7 ~￿Ew￿(w￿
r












































￿ Ew￿ ￿ ￿ SE￿￿ 7 ~￿Ew￿
,
￿
Rqh pd| hvwlpdwru U e| ?3￿ S?
￿’￿ ￿ ￿W
￿Ew￿￿ ￿W￿
￿ Ew￿/ ru e| vxevwlwxwlqj wkh xqnqrzq txdqwlwlhv/
h{fhsw w/ lq wkh h{suhvvlrqv jlyhq dw +519,/ +51:, dqg +51;,1 Lw lv zhoo nqrzq wkdw wkh odwwhu
dssurdfk |lhogv pruh vwdeoh hvwlpdwruv/ dqg vr zh surfhhg lq wkdw gluhfwlrq khuh1 Ghqrwh
e| U￿￿ wkh _ ￿ _ ohiw0wrs eorfn ri wkh lqirupdwlrq pdwul{ U/ dqg e| U￿2 dqg U22/w k h_ ￿ ￿




7 f￿￿Ef￿| ￿ 7 f￿￿￿ dqg ￿ PM|? ’ ?3￿ S?
￿’￿i 7 f￿ ￿
S?
￿’￿ 7 f￿*?ji 7 f￿ ￿
S?
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6 Hpslulfdo Looxvwudwlrq
614 Gdwd
Wkh sulpdu| gdwd vhw xvhg lv wkh Ghsduwphqw ri Wudqvsruwdwlrq*v Ruljlq dqg Ghvwlqdwlrq
Gdwd Edqn 4 D +GE4D, zklfk frqvlvwv ri d frqwlqxrxv rqh lq whq vdpsoh ri doo wlfnhwv vrog
lq wkh Xqlwhg Vwdwhv1 Wkh gdwd lv froohfwhg rq d txduwhuo| edvlv dqg wkh vdpsoh uxqv iurp
4<:<L wr 4<<5LY1
Wklv vwxg| frqvlghuv d pdunhw +urxwh, wr eh d wuls ehwzhhq ruljlq dqg ghvwlqdwlrq flwlhv1
Frqvlghulqj d urxwh wr eh dq dlusruw sdlu zrxog vxjjhvw wkdw Vrxwkzhvw grhv qrw frpshwh
zlwk Xqlwhg dqg Dphulfdq iru  ljkwv ehwzhhq Krxvwrq dqg Fklfdjr1
Wkhuh duh d qxpehu ri idfwruv iru zklfk frqwurov rwkhu wkdq vwdqgdug ghpdqg yduldeohv
vxfk dv rzq sulfh/ sulfh ri frpshwlwruv/ lqfrph/ hwf1 duh qhfhvvdu| lq rughu wr prgho wkh
g|qdplf ghpdqg iru dluolqh wudyho1 Wkhvh duh phdvxuhg lpshuihfwo|1 Zh lpehg d qxpehu
ri wkhvh lq wkh frqvwuxfwlrq ri wkh sulfh lqgh{ lwvhoi/ iroorzlqj wkh phwkrgv rxwolqhg e| Jrrg
hw do1 +5334,1 Wkh idfwruv fdq eh fdwhjrul}hg lqwr ￿yh eurdg jurxsv= Urxwh vshfl￿f h￿hfwv/
wlfnhw uhvwulfwlrqv/ |lhog pdqdjhphqw/ }hur frxsrq wlfnhwv dqg qhwzrun h￿hfwv1
61414 Urxwh Vshfl￿f idfwruv
Wkhuh duh fohduo| rwkhu yduldeohv zklfk pdq| kdyh dwwhpswhg wr lqfrusrudwh lqwr prgholqj
wkh ghpdqg vlgh ri orqj glvwdqfh wudyho1 Wkhvh lqfoxgh idfwruv zklfk duh zhdwkhu uhodwhg/
vxfk dv phdq whpshudwxuh gl￿huhqfh/ lq dq dwwhpsw wr fdswxuh ydfdwlrq wudyho lq wkh zlqwhu
prqwkv1 Rwkhuv kdyh lqfoxghg yduldeohv zklfk dwwhpsw wr fdswxuh wkh ghpdqg iru exvlqhvv
wudyho vxfk dv wkh qxpehu ri zklwh froodu mrev lq dq duhd1 Zh dvvxph wkdw wkhvh idfwruv
duh hlwkhu yhu| vorz wr fkdqjh ru wkdw wkh| duh vwurqjo| fruuhodwhg zlwk rwkhu idfwruv lq
wkh prgho1 Wkhvh vorzo| prylqj idfwruv duh fdswxuhg zlwk ￿{hg urxwh vshfl￿f h￿hfwv zklfk
ghvfuleh wkh ruljlq0ghvwlqdwlrq sdlu1
:61415 Wlfnhw uhvwulfwlrqv
D pdmru ihdwxuh ri dluolqh iduh vwuxfwxuhv lv wlfnhw uhvwulfwlrqv1 Wkhvh hlwkhu lqfuhdvh wkh
ulvn ri wudyho iru frqvxphuv +qrq0uhixqglelolw|, ru surylgh wkh dluolqhv zlwk lpsuryhg suh0
glfwdelolw| derxw ghpdqg +dgydqfhg errnlqj, dqg hqkdqfh wkhlu delolw| wr surylgh sulfh
glvfulplqdwlrq lqirupdwlrq e| vhsdudwlqj sulfh vhqvlwlyh frqvxphuv iurp exvlqhvv wudyhohuv
zlwk pruh lqhodvwlf ghpdqgv +Vdwxugd| qljkw vwd|0ryhuv,1 Wkh pdmru oldelolw| ri xvlqj ri
GRW*v GE4D dv wkh sulpdu| vrxufh ri wlfnhw lqirupdwlrq lv wkdw lw lqfoxghv yhu| lqfrpsohwh
lqirupdwlrq rq wlfnhw uhvwulfwlrqv1 Wkhuh lv w|slfdoo| d odj ehwzhhq iduh w|sh lqqrydwlrqv dqg
wkh zd| wkh| duh uhsruwhg lq GE4D1 Wklv pdnhv lw gl!fxow wr lghqwli| d frqvlvwhqw vhw ri
frqglwlrqv xqghu zklfk vhuylfh zdv dffhswhg1
61416 \lhog pdqdjhphqw
Wkhuh lv d juhdw ghdo ri frpshwlwlrq lq sxeolvkhg iduhv1 Lw lv qrw dw doo xqfrpprq iru
gl￿huhqw dluolqhv surylglqj vhuylfh rq wkh vdph urxwh wr r￿hu vlplodu iduh fodvvhv +vhwv ri iduh
uhvwulfwlrqv, dw dq lghqwlfdo sulfh1 Krzhyhu/ iduh vwuxfwxuhv pd| qru fruuhvsrqgh wr sxeolvkhg
iduhv/ lq sduw gxh wr |lhog pdqdjhphqw sudfwlfhv1 Zh dwwhpsw wr fdswxuh wkh h￿hfw ri |lhog
pdqdjhphqw e| frqwuroolqj iru wkh shufhqwdjh ri ￿uvw fodvv/ ￿uvw fodvv uhvwulfwhg/ dqg frdfk
uhvwulfwhg wlfnhwv1
61417 ]hur frxsrq wlfnhwv
Iuhtxhqw  |hu plohv zhuh lqwurgxfhg lq wkh plg 4<;3*v1 Wkh sudfwlfh kdv suryhq vr vxffhvvixo
wkdw lw kdv surolihudwhg wr rwkhu lqgxvwulhv/ hyhq jurfhu| vwruhv r￿hu glvfrxqwv iru iuhtxhqw
vkrsshuv1 Wr frqwuro iru wkh h￿hfwv ri }hur frxsrq wlfnhwv pdunxsv deryh pdujlqdo frvw/ wkh
shufhqwdjh ri }hur frxsrq wlfnhwv vrog e| wkh fduulhu iru d sduwlfxodu urxwh lv frqwuroohg iru
lq wkh frqvwuxfwlrq ri wkh sulfh lqgh{1
61418 Qhwzrun Frq￿jxudwlrq
Pxfk kdv ehhq pdgh rxw ri fkdqjhv lq dluolqh qhwzrunv e| lqfuhdvhg xvh ri kxe0dqg0vsrnh
w|sh qhwzrunv1 Dluolqhv ￿qg wkhvh qhwzrun frq￿jxudwlrqv xvhixo ehfdxvh wkh| doorz iru kljkhu
sdvvhqjhu ghqvlwlhv rq lqglylgxdo urxwhv1
Lqgluhfw urxwlqj ri sdvvhqjhuv fohduo| ehqh￿wv wkh dluolqhv ehfdxvh wkh| fdq surylgh wudyho
wr sdvvhqjhuv zlwk ihzhu  ljkwv/ srwhqwldoo| wdnlqj dgydqwdjh ri hfrqrplhv ri htxlsphqw vl}h
+odujhu dlufudiw whqg wr kdyh orzhu frvwv shu sdvvhqjhu ploh, dqg kljkhu ordg idfwruv +￿oolqj
rwkhuzlvh hpsw| vhdwv rq dq dlufudiw frvw wkh dluolqh yhu| olwwoh,1
;Pdq| ri wkh gl￿huhqw qhwzrun fkdudfwhulvwlfv fdq eh phdvxuhg dw wkh lqglylgxdo wlfnhw
ohyho1 Wkh GE4D gdwdedvh doorzv lghqwl￿fdwlrq ri pdq| ri wkh fkdudfwhulvwlfv ri wkh wuls1
Prvw ixqgdphqwdoo|/ wkh ruljlq ri d wuls fdq eh lghqwl￿hg dv zhoo dv wkh xowlpdwh ghvwlqdwlrq
dv lqglfdwhg e| d wuls euhdn1 Dssur{lpdwho| <8( ri wulsv duh hlwkhu rqh zd| ru urxqg wuls
+ghshqglqj rq wkh |hdu, zlwk d vpdoo qxpehu ri pxowl0euhdn wlfnhwv lqyroylqj dv pdq| dv 56
gl￿huhqw  ljkwv1 Pruh frpsoh{ urxwlqjv whqg wr eh voljkwo| pruh suhydohqw lq odwhu |hduv wkdq
lq hduolhu rqhv1 Lq rughu wr jdlq dq xqghuvwdqglqj ri wkh exon ri wulsv/ dwwhqwlrq lv olplwhg
wr hlwkhu rqh zd| ru urxqg wuls wlfnhwv zklfk duh zhljkwhg e| wudyho glvwdqfh1 Lqirupdwlrq
iurp wkh GE4D dovr doorzv phdvxuhphqw ri wkh qxpehu ri vhjphqwv lq d wlfnhw1 Wr frqwuro
iru wkh h￿hfw ri wkh qxpehu ri vhjphqwv lq wkh lwlqhudu|/ zh dovr frqwuro iru wkh shufhqwdjh
ri wlfnhwv zlwk dq| qxpehu ri vwrsv xs wr 8 vwrsv1
Wkh plqlpxp qxpehu ri vhjphqwv iru d rqh zd| wlfnhw lv rqh1 E| 4<;7/ wklv qxpehu ihoo
wr 58(1 D yhu| gl￿huhqw sdwwhuq hphujhv iru urxqg wuls wlfnhwv zklfk kdyh d plqlpxp ri
wzr vhjphqwv1 Lq 4<:<04 wkh dyhudjh qxpehu ri vhjphqwv zdv 51;/ wklv lqfuhdvhg vrphzkdw
wr 6138 e| 4<<5071 Dw 613 lw vxjjhvwv wkdw dssur{lpdwho| kdoi ri wkh lwlqhudulhv lqyroyhg d
fkdqjh ri sodqhv rq wkh rxwerxqg dqg lqerxqg sruwlrqv ri wkh wuls1 Wkh udwlrqdoh ehklqg
wkh gl￿huhqfh lq wkh rqh zd| dqg urxqg wuls wlfnhw sdwwhuqv lv qrw fohdu1 Lw pd| vxjjhvw d
fruuhodwlrq ehwzhhq rqh zd| dqg ixoo iduh wlfnhwv zklfk kdyh d kljkhu txdolw| ri ghpdqghg
vhuylfh iru wkh odujh suhplxp lq sulfh1 Rq wkh rwkhu kdqg/ zkloh wkh suhvxpswlrq ehklqg
urxqg wuls wlfnhwv lv wkdw wkh| ghvfuleh wkh ixoo wuls/ wkdw lv qrw wkh fdvh iru rqh zd| wlfnhwv
vlqfh wkh sdvvhqjhu zloo uhtxluh/ dw wkh plqlpxp/ dq dgglwlrqdo wlfnhw iru wkh uhwxuq  ljkw1
Frqvhtxhqwo| wkh suhvxpswlrq wkdw d ixoo iduh wlfnhw lqyroyhv wkh xowlpdwh ghvwlqdwlrq vhhpv
ohvv zhoo irxqghg1
7 Uhvxowv dqg Frqfoxglqj Uhpdunv
Zh kdyh xvhg wkhvh gdwd wr dqdo|}h xszdugv ri 833 flw|0sdlu ghpdqgv iru d vhohfwhg qxpehu
ri dlu fduulhuv lq wkh Xqlwhg Vwdwhv ryhu shulrgv ri derxw 93 txduwhuv1 Wkh furvv0vhfwlrqdo xqlw
lv wkh dluolqh pdunhw/ wkdw lv/ wkh flw|0sdlu1 Rxu suholplqdu| uhvxowv iru wkh vhplsdudphwulf
h!flhqw g|qdplf sdqho hvwlpdwruv duh suhvhqwhg lq wkh wdeohv ehorz1 Wkh yduldeohv ghwhu0
plqlqj wkh ghpdqg iru dlu wudyho/ *?E_e6@?_￿c duh *?E_e6@?_￿3￿c *?EJ￿? Ro￿Se￿c *?ERo￿Se
Js SJ6Re|￿|Jor￿c*?EReoS@R￿|@ ￿?SJ6e￿c *?ERJR￿,@|￿J?￿/ *?E￿?e6R,J+6e?| o@|e￿￿ Flw|0sdlu
fkdudfwhulvwlfv dv zhoo dv wkrvh sruwlrqv ri ghpdqg fkdudfwhulvwlfv wkdw duh vwdeoh ryhu wkh
wlph vhulhv duh prghohg udqgrp h￿hfwv1 Wkh fduulhuv duh Dphulfdq/ Frqwlqhqwdo/ Ghowd/ dqg
X1 V1 Dluzd|v1 Rxu uhvxowv duh uhdvrqdeoh zlwk olwwoh hylghqfh wkdw wkh urrwv ri wkh g|qdplf
htxdwlrq duh xqvwdeoh1 Ghpdqg dsshduv wr dgmxvw voxjjlvko| dqg pdunhwv duh frqwhvwdeoh1
<Pruhryhu/ wkh X1 V1 dluolqh pdunhwv +flw|0sdluv, dsshdu wr hylghqfh vkruw uxq xqlw hodvwlflwlhv
dqg duh kljko| frpshwlwlyh lq wkh orqj0uxq1
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U
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?E5￿￿E5￿_51 Gh￿qh U? dv lq wkh gh￿qlwlrq ri wkh lqirupdwlrq
pdwul{ U exw zlwk U￿ ehlqj uhsodfhg e| U￿c?1 Iroorzlqj wkh dujxphqwv iru wkh surri ri +E1<,
lq Sdun/ Vlfnohv dqg Vlpdu +4<<;,/ rqh fdq yhuli|
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Gh￿qh ￿ ￿W
qc￿Ew￿ dqg ￿ ￿W
￿c￿Ew￿ dv lq wkh gh￿qlwlrqv ri ￿ ￿W
qc￿Ew￿ dqg ￿ ￿W
qc￿Ew￿ dw +5144, dqg +5145,/
uhvshfwlyho|/ zlwk ￿ ￿E 7 ~￿Ew￿(w￿ ehlqj uhsodfhg e| ￿?E7 ~￿Ew￿(j2￿ dqg ￿ j
2















lq glvwulexwlrq dv ? whqgv wr lq￿qlw|1 Qrz/ lw fdq eh vkrzq wkdw dv lq wkh surriv ri Ohppd
D15 dqg +D149, ri Sdun dqg Vlpdu +4<<7,










































￿ E￿ w?￿ ￿ ￿ SE￿ ￿?￿7 ~￿E￿ w?￿
￿q




doo lq wkh vhqvh ri frqyhujhqfh lq suredelolw|1 Vlqfh ￿ j
2
?E￿ w?￿ frqyhujhv wr j2 lq suredelolw|/

































lq suredelolw| zklfk fdq eh suryhg dv lq Sdun dqg Vlpdu +4<<7,1
47D Uhihuhqfhv
Uhihuhqfhv
^4‘ Dodp/ L1 Vhphqlfn/ dqg U1 F1 Vlfnohv +5333,/ ￿D Wlph Vhulhv Dqdo|vlv ri Ghuhjxodwlru|
G|qdplfv dqg Whfkqlfdo H!flhqf|= wkh Fdvh ri wkh X1 V1 Dluolqh Lqgxvwu|/￿ Lqwhuqdwlrqdo
Hfrqrplf Uhylhz/￿ 74/ 5333/ 536054;1
^5‘ Elfnho/ S1M1/ Noddvvhq/ F1D1M1/ Ulwry/\1/ dqg Zhooqhu/ M1D1 +4<<6,/ H!flhqw dqg Dgdswlyh
Hvwlpdwlrq lq Qrq0 dqg Vhpl0sdudphwulf Prghov1 Edowlpruh= Mrkqv Krsnlqv Xqlyhuvlw|
Suhvv1
^6‘ Jrrg/ G1/ U1 F1 Vlfnohv/ dqg M/ F1 Zhlkhu +5334, ￿Rq d Qhz Khgrqlf Sulfh Lqgh{ iru
Dluolqh Wudyho/￿ plphr/ Ulfh Xqlyhuvlw|1
^7‘ Leudjlpry/ L1D1 dqg Kdv*plqvnll/ U1]1 +4<;4,/ Vwdwlvwlfdo Hvwlpdwlrq= Dv|pswrwlf Wkhru|1
Vsulqjhu/ Qhz0\run1
^8‘ Sdun/ E1X1 dqg Vlpdu/ O1 +4<<7,/ ￿H!flhqw Vhplsdudphwulf Hvwlpdwlrq lq Vwrfkdvwlf
Iurqwlhu Prghov/￿ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;</ <5<￿691
^9‘ Sdun/ E1X1/ Vlfnohv/ U1F1 dqg Vlpdu/ O +4<<;,/ ￿Vwrfkdvwlf Iurqwlhuv= D Vhplsdudphwulf
Dssurdfk/￿ Mrxuqdo ri Hfrqrphwulfv ;7/ 5:606341
^:‘ Sdun/ E1X1/ Vlfnohv/ U1F1 dqg Vlpdu/ O +5335,/ ￿Vhplsdudphwulf H!flhqw Hvwlpdwlrq ri
DU+4, Sdqho Gdwd Prghov/￿ plphr/ 5335
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Semiparametric Efficient Dynamic Airline Demand Equations
Table 1
American Airlines
Variable Coefficient Standard Error
ln(demand)-1    0.628    0.0111
ln(own price)    -0.523    0.0395
ln(comp. price)    0.016    0.0486
ln(pcapinc)    0.618    0.1060
ln(pop)    0.734     0.1011
ln(unrate) -.0395    0.0190
R
2:  within  = 0.6751
       between = 0.6597
       overall = 0.7993
Table 2
Continental Airlines
Variable Coefficient Standard Error
ln(demand)-1    0.550    0.0124
ln(own price)    -1.104    0.0671
ln(comp. price)    0.216    0.1095
ln(pcapinc)    1.562    0.2841
ln(pop)    0.271     0.2197
ln(unrate) -.0534    0.0452
R
2:  within  = 0.6081
       Between= 0.8732
       overall = 0.807617
Table 3
Delta Airlines
Variable Coefficient Standard Error
ln(demand)-1    0.642    0.0082
ln(own price)    -0.915    0.0440
ln(comp. price)    0.243    0.0483
ln(pcapinc)    0.339    0.1093
ln(pop)    0.637     0.1094
ln(unrate) 0.011    0.0206
R
2:  within  = 0.7945
       Between= 0.7746
       overall = 0.7773
Table 4
U. S. Airlines
Variable Coefficient Standard Error
ln(demand)-1    0.566    0.01367
ln(own price)    -0.557    0.06823
ln(comp. price)    -0.454    0.1016
ln(pcapinc)    -0.055    0.2408
ln(pop)    1.833     0.2218
ln(unrate) -0.267    0.0414
R
2:  within  = 0.5905
       between= 0.2871
       overall = 0.4417